Hoede-sequences by Göbel, F.
Faculty of Mathematical Sciences
t
University of Twente
The Netherlands
P.O. Box 217
7500 AE Enschede
The Netherlands
Phone: +31-53-4893400
Fax: +31-53-4893114
Email: memo@math.utwente.nl
www.math.utwente.nl/publications
Memorandum No. 1591
Hoede-sequences
F. Go¨bel
November 2001
ISSN 0169-2690
Hoede-sequences
F. Go¨bel
Faculity of Mathematical Sciences
University of Twente
P.O. Box 217
7500 AE Enschede
The Netherlands
October 25, 2001
Abstract
In an attempt to prove the double-cycle-conjecture for cubic graphs,
C. Hoede formulated the following combinatorial problem.
“Given a partition of {1, 2, . . . , 3n} into n equal classes, is
it possible to choose from each class a number such that
these numbers form an increasing sequence of alternating
parity?”
Let a Hoede-sequence be defined as an increasing sequence of natural
numbers of alternating parity. We determine the average number of
Hoede-sequences w.r.t. arbitrary partitions, and obtain bounds for the
maximum and minimum number of Hoede-sequences w.r.t. partitions
into equal classes.
Key words: Increasing sequences, alternating parity.
AMS Subject Classifications: 05A15, 05A16, 05A18.
1 Introduction and summary
A Hoede-sequence is an increasing sequence of natural numbers of alternating
parity. Let P be a partition of Nn, where Nn = {1, 2, . . . , n}.
A Hoede-sequence w.r.t. P is a Hoede-sequence for which a bijection exists
between its terms and the parts of P such that the image of each term t
contains t.
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Example. Let P be the following partition of N8 : {1, 2}, {3, 5, 8}, {4, 6, 7}.
Then 2,3,4 is a Hoede-sequence w.r.t. P as well as 1,4,5 and three more. 
Conjecture 1. (Hoede [1]). Each partition P of N3n into n sets of cardi-
nality 3 admits a Hoede-sequence w.r.t. P .
The conjecture arose in an attempt to prove the double-cycle-conjecture for
cubic graphs.
To each partition P of Nn, a partition of the number n corresponds, the
parts of which are the cardinalities of the parts P . We call this partition of
n the induced partition of P .
A partition Q of a number n is admissible if each partition P of Nn for which
Q is the induced partition, admits a Hoede-sequence w.r.t. P ; otherwise it
is forbidden.
Hoede’s conjecture can now be reformulated as: the partition 3n is admissi-
ble for all n.
Obviously, an admissible partition continues to be admissible if parts are
deleted. Conversely, a forbidden partition continues to be forbidden if parts
are supplied. So forbidden partitions are in fact forbidden subpartitions,
analogous to the concept of forbidden subgraphs in graph theory.
In Section 2 and 3 we present some examples of forbidden and admissible
partitions, respectively. Section 4 is dedicated to an auxiliary result, viz.
the number of Hoede-sequences of length n with terms in Nm. This result
is applied in Section 5 to determine the average number of Hoede-sequences
w.r.t. arbitrary partitions, in particular partitions into equal parts. In the
final Section 6 we consider partition into equal parts for which the number
of Hoede-sequences is maximum or minimum, respectively. We conjecture
that the number of Hoede-sequences w.r.t. partitions of N3n into n equal
classes is at least the Fibonacci number Fn+3.
2 Forbidden partitions
Proposition 1. The following partitions are forbidden.
(a) 2k, 1, 1 (k ≥ 1),
(b) k, 1, 1, 1 (k ≥ 2),
(c) 2p, 2q, 2, 1 (p, q ≥ 1),
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(d) 2p, 2q, 2r, 2, 2 (p, q, r ≥ 1).
Proof.
(a) Take {1}, {2, 3, . . . , 2k + 1}, {2k + 2}.
(b) Take {1}, {3}, {5}, {the rest}.
(c) Take {1}, P = {2, 3, . . . , 2p+ 1}, Q = {2p+ 2, 2p+ 2q + 3}, R = {2p+
3, . . . , 2p + 2q + 2}. Now 1 is forced, as well as an even number from
P . Whether the third (odd) number is chosen from Q or from R,
continuation is not possible.
(d) Take A = {1, 2p+2}, B = {2, . . . , 2p+1}, C = {2p+3, . . . , 2(p+q)+2},
D = {2(p+q)+3, 2(p+q+r)+4}, E = {2(p+q)+4, . . . , 2(p+q+r)+3}.
The first two numbers must come from A ∪B. Also, the first number
must be odd. The third number must come from C and it has to be
odd. Now it is clear that a continuation is not possible. 
Example for case (d). Take p = q = r = 2. Then A = {1, 6}, B =
{2, 3, 4, 5}, C = {7, 8, 9, 10}, D = {11, 16}, E = {12, 13, 14, 15}. 
Proposition 2. Let k be an integer ≥ 1. If P is a partition of n into
≥ 2k+2 parts in which k parts occur with sum ≥ [n2 ], then P is forbidden.
Proof. Let P ∗ be a partition of Nn for which P of above is the induced
partition, and let V1, . . . , Vk be subsets in P ∗ with
k∑
1
|Vi| ≥
[
n
2
]
. Now put
all even numbers ≤ n in
k⋃
1
Vi. 
Example. Let k = 2, n = 40. Then the following partition of 40 is
forbidden according to the above result: 11,9,6,5,5,4. 
3 Admissible partitions
Proposition 3. Each partition of n into 3 parts, not of the form 2k, 1, 1, is
admissible.
Proof. Let A,B,C be the three parts, and let 1 ∈ A. Let k be the largest
number for which 1, 2, . . . , k ∈ A, and let k + 1 ∈ B. We distinguish two
cases: k = 1 and k ≥ 2.
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k = 1. If C contains an odd number we are through. So let all odd numbers
(of Nn) be in A ∪ B. Since C is not empty, we can assume that the largest
number in C is 2q. If any of the numbers 3, 5, . . . , 2q − 1 is in A, we are
through. So assume 3, 5, . . . , 2q − 1 ∈ B. If C contains an even number
x < 2q, then 1, x, 2q − 1 is admissible. If not, then C contains only the
number 2k. Hence all even numbers 4, 6, . . . , 2q − 2 are in A ∪ B (as well
as all larger even numbers if n ≥ 2q + 2). If A contains an even number
≤ 2q − 2, we are through. So suppose these numbers too are in B. Up to
now we know that 1 ∈ A, 2, 3, 4, . . . , 2q−1 ∈ B, 2q ∈ C. If there are no more
numbers, we have a forbidden partition. In the remaining cases, 2q +1 ∈ A
or 2q + 1 ∈ B, and a Hoede-sequence exists.
k ≥ 2. It is convenient to use the following notation: k0 indicates a natural
number of the same parity as k; k1 a number of the opposite parity.
If ∃k0 ∈ C, we are through. So assume all k0 ∈ Nn are in A ∪B. Let k∗1 be
the largest element in C. If A contains a k0 with k < k0 < k∗1, then we are
through: take k + 1, k0, k∗1. So suppose all these k0 are in B. In particular
k + 2 ∈ B. Hence 1 or 2, k + 2, k∗1 is a Hoede-sequence. 
4 The number of Hoede-sequences
Let Hm,n be the number of Hoede-sequences of length n with terms in Nm.
Proposition 4. If m+ n is even, Hm,n =
(m+n
2
n
)
+
(m+n
2 − 1
n
)
, and
if m+ n is odd, Hm,n = 2
(m+n−1
2
n
)
.
Proof. Let m+ n be odd.
Consider a Hoede-sequence of which the first term is odd. If m is odd and n
even, then the last term is even, so all terms can be increased by 1 and we
obtain a Hoede-seuqnce in Nm with first term even. Conversely, in a Hoede-
sequence with first term even, all terms can be decreased by 1, etc. Similarly,
if m is even and n is odd, then too, the numbers of Hoede-sequences with
even and odd first terms are equal. So it suffices to prove (in the case m+n
odd) that the number of sequences with first term odd is
(m+n−1
2
n
)
.
Let (i1, i2, . . . , in) be a combination of n from Nm+n−1
2
(with i1 < i2 < . . . <
in). Then (2i1 − 1, 2i2 − 2, . . . , 2in − n) is a Hoede-sequence in Nm (in fact
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in Nm−1) with odd first term. It is clear that this map is a bijection. This
proves the formula for Hm,n when m+ n is odd.
Let m+ n be even and let (i1, i2, . . . , in) be a combination of n from Nm+n
2
with i1 < i2 < . . . < in. Then (2i1 − 1, 2i2 − 2, . . . , 2in − n) is a Hoede-
sequence of length n from Nm with odd first term. The combinations of
n from Nm+n
2
−1 correspond to the Hoede-sequences with even first term:
(2i1, 2i2 − 1, . . . , 2in − n+ 1). 
In Table 1 we give Hm,n for 1 ≤ n ≤ m ≤ 12.
2
3
1
1
1
1
1
1
4
2 1
1
1
1
16
5
7
8
9
10
11
12
4 2
6 5 2
9 8 6 2
7 2
8 2
2
2
1
2
20 2
9
10
12
11
10
20
16 20
12 14
1220
14273030
25 40 50 42 35 16
30 55 70 77 56 44 18
36 70 105 112 112 72 54
Table 1
Proposition 5. (a) Hm,n = Hm−1,n−1+Hm−2,n (m ≥ n ≥ 1,m ≥ 2).
(b) If m+ n is even, then Hm,n =
2m
m+ n
(m+n
2
n
)
.
Proof. These results follow easily from Proposition 4. 
Proposition 6. The number of Hoede-sequences with terms in Nm is given
by
m∑
n=1
Hm,n = Fm+3 − 2, where Fm is the m-th Fibonacci-number, defined
by F1 = F2 = 1, Fm = Fm−1 + Fm−2 (m ≥ 3).
Proof. Define Sm = 2 +
m∑
n=1
Hm,n.
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Then S1 = 2 + H1,1 = 3, S2 = 2 + (2 + 1) = 5. It is sufficient to prove
Sm = Sm−1 + Sm−2 for m ≥ 3. We prove this by induction, using the
recursion of Proposition 5.
Sm−1 + Sm−2 = 4 +
m−1∑
n=1
Hm−1,n +
m−2∑
n=1
Hm−2,n =
4 +
m−3∑
n=1
Hm−1,n +Hm−1,m−1 +Hm−1,n−2
+
m−2∑
n=2
Hm−2,n +Hm−2,1 =
4 +
m−2∑
n=2
(Hm−1,n−1 +Hm−2,n) +Hm−1,m−1 +Hm−1,m−2 +Hm−2,1,
and this reduces to Sm. 
Remark. Both Table 1 and the formula for
m∑
n=1
Hm,n practically force us to
define Hm,0 as 2. This is quite unusual: the number of empty sets is 1, the
empty product is 1, to mention two examples. It seems that the parity of
the first term is “inherited” from the nature of the empty Hoede-sequence.

5 The average number of Hoede-sequences
w.r.t. partitions into equal parts
Let Nkn be partitioned into n classes of cardinality k. The number of such
partitions is
An,k =
(nk)!
n!(k!)n
.
From Propositions 4 and 5 we know that the total number of different Hoede-
sequences that occur in these partitions is given by
Hkn,n =


2
(kn+n−1
2
n
)
if k even, n odd,
2k
k + 1
(kn+n
2
n
)
otherwise.
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The number of times a fixed Hoede-sequence occurs in the above partitions
is
Bn,k =
(nk − n)!
n!((k − 1)!)n · n!
So the avarage number of Hoede-sequences per partition is Hkn,nBn,kAn,k which
reduces to Hkn,nk
n
(nkn )
. Substituting the formulas for Hn,k, we obtain the fol-
lowing result.
Proposition 7. If Nkn is partitioned into n classes of cardinality k, then
the average number Qn,k of Hoede-sequences w.r.t. a partition is given by
Qn,k =


2
(kn+n−1
2
n
)
kn
(nkn )
if k even, n odd,
2
(kn+n
2
n
)
kn+1
(k+1)(nkn )
otherwise.
Example Take n = 3, k = 2. The number of partitions of N6 into equal
classes of cardinality 2 is A3,2 = 15. The number of Hoede-sequences is
H6,3 = 8. See Table 2 below. Obvioulsy, for a given Hoede-sequence there
are 3! partitions in which it occurs. So in this simple case B3,2 = 6. The
total numbers of ticks in Table 2 is 8 × 6, so the average per partition is
48/15 = 3.2.
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123 125 145 234 236 256 345 456
12/34/56 ∨ ∨
12/35/46 ∨ ∨ ∨ ∨
12/36/45 ∨ ∨
13/24/56 ∨ ∨ ∨ ∨
13/25/46 ∨ ∨ ∨ ∨
13/26/45 ∨ ∨
14/23/56 ∨ ∨
14/25/36 ∨ ∨ ∨ ∨
14/26/35 ∨ ∨ ∨ ∨
15/23/46 ∨ ∨
15/24/36 ∨ ∨ ∨ ∨
15/26/34 ∨ ∨
16/23/45 ∨ ∨
16/24/35 ∨ ∨ ∨ ∨ ∨ ∨
16/25/34 ∨ ∨ ∨ ∨
Table 2
Remark. The average can be calculated also for arbitrary partitions of Nm,
following the above method.
Proposition 8.
Qn,2 ∼


3
4
√
6
(
3
√
3
4
)n
(n = 2s + 1 →∞),
2
3
√
6
(
3
√
3
4
)n
(n = 2s→∞)
Qn,3 ∼
√
3
(
16
9
)n
(n→∞).
Proof. Apply Stirling’s formula. 
6 Extreme values
Let Mn,k be the maximum number of Hoede-sequences over all partitions of
Nnk into n classes of cardinality k.
Proposition 9. If n is even, then
Mn,k ≥
(
k + 1
2
)n
2
+
(
k
2
)n
2
.
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Proof. First we partition Nnk into n2 classes of 2k successive numbers each:
A1 = {1, . . . , 2k}, A2 = {2k + 1, . . . , 4k}, etcetera. Then take Ai = Bi ∪ Ci
where Bi and Ci consist of the odd and the even numbers, respectively, from
Ai.
It is easily seen that the number of Hoede-sequences is
(k+1
2
)n
2 or
(k
2
)n
2 ,
depending on whether the first term of the sequence is odd or even. 
Conjecture 2. If n is even, then Mn,k =
(k+1
2
)n
2 +
(k
2
)n
2 .
We do not have an upper bound for Mn,k which is substantially better than
the trivial kn.
Let mn,k be the minimum number of Hoede-sequences over all partitions of
Nnk into n classes of cardinality k.
From Proposition 1, case d, we know that mm,2 = 0 for n ≥ 5. It is an easy
puzzle to show that mn,2 = 2 for n ≤ 4. This deals with the case k = 2.
Hoede’s conjecture is equivalent with mn,3 > 0.
Proposition 10. mn,3 ≤ Fn+3.
Proof. Trivially m1,3 = 3, m2,3 = 5. For the general case, consider the
series of partitions suggested by the following list.
n = 1 : 1 2 3,
n = 2 : 1 2 6/3 4 5,
n = 3 : 1 2 9/3 7 8/4 5 6,
n = 4 : 1 2 12/3 10 11/4 5 9/6 7 8,
n = 5 : 1 2 15/3 13 14/4 5 12/6 10 11/7 8 9.
Fix n. Consider the Hoede-sequence ti (i = 1, . . . , n) w.r.t. to a partition
as above with t1 = 1 or t1 = 2. From the partition delete the set {1, 2, 3n}
and replace the other numbers t in N3n by 3n − t. This gives the partition
for n − 1 and we have a bijection to Hoede-sequences w.r.t. our partition
for n− 1.
Now consider a Hoede-sequence ti (i = 1, . . . , n) with t1 ≥ 3. Note that only
odd numbers for t1 are possible and that tn = 3n. From the partition of
N3n delete the sets {1, 2, 3n} and {3, 3n − 2, 3n − 1}, and replace the other
numbers t in N3n by t−3. This gives the partition for n−2. If the “reduced”
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Hoede-sequence starts with 0, then delete 0 and the final term 3n− 3. If it
starts with a number greater than 0, then delete the two final terms (which
must be 3n− 4 and 3n− 3). Again we have a bijection and the well-known
recursion for the Fibonacci-sequence holds. 
Conjecture 3. mn,3 = Fn+3.
Remark. Note that Conjuecture 3 is substantially stronger than Hoede’s
Conjecture 1. The explicite form of our conjectured lower bound may pro-
vide an indication for a method of proof.
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